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z = j

f(z) =

�
(z−j)5

|z−j|4 , z �= j

0, z = j.

v = v(ϕ(x, y)) �= ϕ(x, y) = x2 − ay2

a ∈ IR v(x, y)

a = −1 g(z) g(1) = 0 g�(2j) = 1
2

f(z) =
1

(ez + 1)(z2 + π2)
,

f(z)
�

γ+
f(z)dz,

γ+(t) = j3π + πejt, t ∈ [−π, π]

F (s) =
1

s6(1− s)



z = j

f(z) =

�
(z−j)5

|z−j|4 , z �= j

0, z = j.

v = v(ϕ(x, y)) �= ϕ(x, y) = x2 − ay2

a ∈ IR v(x, y)

a = −1 g(z) g(1) = 0 g�(2j) = 1
2

f(z) z = j

lim
z→j

f(z) = lim
(x,y)→(0,1)

(x + j(y − 1))5

|x + j(y − 1)|4 = lim
r→0

r5ej5θ

r4
= 0.

�→
�

x = r cos θ
y − 1 = r sin θ

lim
z→j

f(z) = 0 = f(j) → f(z) z = j.

f(z) z = j

f(z) z = j ∃f �(z)|z=j

lim
z→j

f(z)− f(j)
z − j

= lim
z→j

(z−j)5

|z−j|4 − 0
z − j

= lim
z→j

(z − j)4

|z − j|4 = lim
r→0

(rejθ)4

r4
= lim

r→0
ej4θ

f(z) z = j = (0, 1)

f(x, 1) =
x5

x4
= x ⇒ u(x, 1) = x, v(x, 1) = 0.

f(0, y) =
(jy − j)5

(jy − j)4
= j(y − 1) ⇒ u(0, y) = 0, v(0, y) = y − 1.

z = j = (0, 1)

∂u

∂x
(0, 1) = lim

x→0

u(x, 1)− u(0, 1)
x

= lim
x→0

x− 0
x

= 1

∂u

∂y
(0, 1) = lim

y→1

u(0, y)− u(0, 1)
y − 1

= lim
x→0

0
y − 1

= 0

∂v

∂x
(0, 1) = lim

x→0

v(x, 1)− v(0, 1)
x

= lim
x→0

0− 0
x

= 0

∂v

∂y
(0, 1) = lim

y→1

v(0, y)− v(0, 1)
y − 1

= lim
x→0

y − 1
y − 1

= 1



z = (0, 1)

∂u

∂x
(0, 1) =

∂v

∂y
(0, 1) = 1

∂u

∂y
(0, 1) = −∂v

∂x
(0, 1) = 0.

f(x, y) =
(x + j(y − 1))5

(x2 + (y − 1)2)2
⇒






u(x, y) = x5−10x3(y−1)2+5x(y−1)4

(x2+(y−1)2)2

v(x, y) = 5x4(y−1)−10x2(y−1)3+(y−1)5

(x2+(y−1)2)2

(x, y) �= (0, 1)

∂u
∂x

=
[5x4 − 30x2(y − 1)2 + 5(y − 1)4](x2 + (y − 1)2)2 − 2(x2 + (y − 1)2)2x[x5 − 10x3(y − 1)2 + 5x(y − 1)4]

(x2 + (y − 1)2)4

∂u

∂x
(0, y) =

5(y − 1)8

(y − 1)8
= 5 ⇒ lim

y→1

∂u

∂x
(0, y) = 5 �= ∂u

∂x
(0, 1) = 1.

∂u

∂x
(0, 1) ∂u

∂y , ∂v
∂x

∂v
∂y

(0, 1)
⇓

f(z) z = j.

v = v(ϕ(x, y)), ϕ(x, y) = x2 − ay2

v
D

∂2v

∂x2
+

∂2v

∂y2
= 0, ∀(x, y) ∈ D






∂v
∂x = dv

dϕ
∂ϕ
∂x = dv

dϕ (2x)

∂v
∂y = dv

dϕ
∂ϕ
∂y = dv

dϕ (−2ay)
⇒






∂2v
∂x2 = d2v

dϕ2

�
∂ϕ
∂x

�2
+ dv

dϕ
∂2ϕ
∂x2 = d2v

dϕ2 (4x2) + dv
dϕ (2)

∂2v
∂y2 = d2v

dϕ2

�
∂ϕ
∂y

�2
+ dv

dϕ
∂2ϕ
∂y2 = d2v

dϕ2 (4a2y2) + dv
dϕ (−2a)

0 =
∂2v

∂x2
+

∂2v

∂y2
=

d2v

dϕ2
[4(x2 + a2y2)] +

dv

dϕ
2(1− a).

d2v
dϕ2

dv
dϕ

=
2(a− 1)

4(x2 + a2y2)
,

2(a− 1)
4(x2 + a2y2)

= φ(x2 − ay2) ⇒ a2 = −a, a = 0,−1.



a = 1 d2v
dϕ2 = 0 v = A(x2−y2)+B,

A,B
⇓

a a = 0, 1 −1.

a = −1 v = v(ϕ(x, y)), ϕ(x, y) = x2 + y2

d2v
dϕ2

dv
dϕ

=
2(−2)

4(x2 + y2)
=

−1
x2 + y2

= − 1
ϕ

,

Ln
�

dv

dϕ

�
= −Lnϕ + C0 ⇒ dv

dϕ
=

eC0

ϕ
⇒ v = C1 Lnϕ + C2.

v(x, y) = C1 Ln(x2 + y2) + C2, C1 ∈ IR+, C2 ∈ IR IR2 − {(0, 0)}).

g(z) = u(x, y) + jv(x, y)

g(z) =
� �

∂v

∂y
(z, 0) + j

∂v

∂x
(z, 0)

�
dz + K, K ∈ | .

∂v

∂y
(z, 0) = 0,

∂v

∂x
(z, 0) = 2C1

1
z
,

g(z) = 2C1j ln z + K

0 = g(1) = 0 + K ⇒ K = 0

g�(z) = 2jC1
1
z

⇒ 1
2

= g�(2j) = 2jC1
1
2j

⇒ C1 =
1
2
,

g(z) = j ln z



f(z) =
1

(ez + 1)(z2 + π2)
,

f(z)
�

γ+
f(z)dz,

γ+(t) = j3π + πejt, t ∈ [−π, π]

ez + 1 = 0 ⇒ z = {±jπ,±j3π,±j5π, . . .} = {j(2k + 1)π, k ∈ Z} ;

z2 + π2 = 0 ⇒ z = ±jπ.

{j(2k + 1)π, k ∈ Z}
±jπ

γ+ j3π π
j3π

�

γ+
f(z)dz = j2πResz=j3πf(z) = j2π lim

z→j3π

z − j3π

(ez + 1)(z2 + π2)
= j2π

1
−8π2

lim
z→j3π

z − j3π

(ez + 1)
= j

4π .



F (s) =
1

s6(1− s)

lim
s→∞

F (s) = 0,

L−1

�
1

s6(1− s)

�
=

2�

k=0

�
est

s6(1− s)
, s = sk

�
=

�
est

s6(1− s)
, s = 0

�
+

�
est

s6(1− s)
, s = 1

�
,

s = 0 → 6

s = 1 →

�
est

s6(s− 1)
, s = 1

�
= lim

s→1
(s− 1)

−est

s6(s− 1)
= −et

�
est

s6(s− 1)
, s = 1

�
= a−1 s−1 est

s6(1−s) s = 0 .

est =
�∞

n=0
tn

n! sn, |s| <∞
1

1−s =
�∞

n=0 sn, |s| < 1
1
s6 , |s| > 0




⇒
est

s6(1− s)
=

1
s6

� ∞�

n=0

tn

n!
sn

�� ∞�

n=0

sn

�
, 0 < |s| < 1.

∞�

n=0

tn

n!
sn

∞�

n=0

sn

1 + t +
t2

2!
+ .... +

t5

5!

s5 a−1
est

s6(1−s)

a−1 = 1 + t +
t2

2!
+ .... +

t5

5!
,

�
est

s6(s− 1)
, s = 1

�
= 1 + t +

t2

2!
+ .... +

t5

5!
.

L−1

�
1

s6(1− s)

�
= −et + 1 + t +

t2

2!
+ .... +

t5

5!
.

























































T T > 0

f(t) = t− [t], t ≥ 0,

[t] t

G(s) = Ln
�

s + a

s + b

�
, a, b ∈ IR, a �= b; Ln z = Ln |z| + jψ, −π < ψ < π.

H(s) =
1

s(s2 + 1)
1

1 + e−s
.

1
1 + e−s

L−1(G(s)) L−1(H(s)).

f : [0,∞)→ | T > 0 f(t+T ) = f(t) t > 0
f(t)

F (s) = L[f(t)] =
� ∞

0
e
−st

f(t)dt =
� T

0
e
−st

f(t)dt +
� 2T

T
e
−st

f(t)dt + . . . =
∞�

n=0

� (n+1)T

nT
e
−st

f(t)dt.

In =
� (n+1)T

nT e
−st

f(t)dt t = τ + nT

In =
� T

0
e
−s(τ+nT )

f(τ + nT )dτ = e
−snT

� T

0
e
−sτ

f(τ)dτ.

F (s)

F (s) =
∞�

n=0

In =
∞�

n=0

e
−snT

� T

0
e
−sτ

f(τ)dτ.

e
−sT

|e−sT | < 1 |e−(Re s)T ||e−j(Im s)T | = |e−(Re s)T | < 1
Re s > 0 1

1−e−sT

L[f(t)] =
1

1− e−sT

� T

0
f(t)e−st

dt, Re s > 0.



f(t) T = 1

✻

�
�

�
�

�
�

�
��

�
�

�
�

�
�

�
��

✲

f(t) = t− [t]

[t]

[t] = u(t− 1) + u(t− 2) + u(t− 3) + .... =
∞�

n=1

u(t− n).

L(f(t)) = L(t− [t]) = L(t)− L
� ∞�

n=1

u(t− n)

�
= 1

s2 −
∞�

n=1

L(u(t− n)) =

=
1
s2
−
∞�

n=1

e
−ns

s
=

1
s2
− 1

s

� ∞�

n=0

e
−ns − 1

�
=

1
s2
− e

−s

s(1− e−s)
, |e−s| < 1.

L(f(t)) =
1
s2
− e

−s

s(1− e−s)
, Re s > 0.

f(t) = t− [t] T = 1

f(t) = t, t ∈ [0, 1).

L(f(t)) =
1

1− e−s

� 1

0
te
−st

dt =
1

1− e−s

�
−t

1
s
e
−st

����
1

0

+
1
s

� 1

0
e
−st

dt

�
=

1
s2
− e

−s

s(1− e−s)
, Re s > 0

G(s) | − {−a,−b}
G(s)

| − {s ∈ C :
s + a

s + b
= t ∈ (−∞, 0]} = | − [−a,−b].

H(s)

DG(s) = {s ∈ | : Re s > máx{−a,−b} = −b.

H(s)

s = 0, s = ±j, {s ∈ | : e
−s = −1}

s = 0, s = ±j, s = − ln(−1) = −j(π + 2kπ), k ∈ Z.

H(s)

DH(s) = {s ∈ | : Re s > 0}.



L−1

�
Ln

�
s + a

s + b

��

G�(s) =
1

s + a
− 1

s + b

G�(s) =
� ∞

0
e−st(−t)g(t)dt = L(−tg(t)) ⇒ L−1(G�(s)) = −tg(t).

g(t) = L−1

�
Ln

�
s + a

s + b

��
= −1

t

�
L−1

�
1

s + a

�
− L−1

�
1

s + b

��
=

1
t
(e−bt − e−at), t > 0.

h(t) = L−1

�
1

s(s2 + 1)
1

1 + e−s

�

1
s(s2 + 1)

=
1
s
− s

s2 + 1

1
1 + e−s

= 1− e−s + e−2s − e−3s + ... |e−s| < 1

1
s(s2 + 1)

1
1 + e−s

=
�

1
s
− s

s2 + 1

�
−

�
1
s
− s

s2 + 1

�
e−s +

�
1
s
− s

s2 + 1

�
e−2s − ... Re s > 0.

h(t) = L−1

�
1

s(s2 + 1)
1

1 + e−s

�
=

∞�

n=1

[1− cos(t− n)] u(t− n), ∀t ∈ IR.




















































